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Problem.
min f(x) + h(x)

f is convex, p-times differentiable, with v-Holderian continuous p-th derivative.
IDPf(x) = DPF(Y)Il < Ly(W)lIx = yII”, v efo1],
where [|[D”f(x) — D”f(y)|| = max{| D"f(x)[h]* — DPf(y)[h]°| : || < 1}.
h is convex, maybe nonsmooth; X is convex, for simplicity, assume h =0, X = R".
Question.
How to make the gradient small?

IVE()Il < e



Smoothness of f: upper curvature

v-Holderian continuous p-th derivative
[DPf(x) = D*F(y)Il < Lp(W)llx = y[”, v e[01].

L v
= ) = Tolboy =x)+ Flx = P, L= Lp(v.)
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Regularity of f: lower curvature

Convexity
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What is the status of p-th order methods?

Different Approaches.

1. p-th order tensor methods and its accelerated version: Nesterov 06’ 08’, Baes 09’,
Nesterov 19" ...

f(x)—f"<e in O (Lp/sﬁ) iterations.
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Different Approaches.

1. p-th order tensor methods and its accelerated version: Nesterov 06’ 08’, Baes 09’,
Nesterov 19" ...

f(x)—f"<e in O (Lp/sﬁ) iterations.
2. Accelerated Hybrid Proximal Extragradient: Monteiro & Svaiter 13, Jiang et al.
19, Bubeck et al. 19', Gasnikov et al. 19...
f(xX)—f"<e in O (Lp log %/sﬁ) iterations.
3. Adaptivity and inexactness: Cartis, Gould & Toint 11’, Jiang, lin, & Zhang 20,
Gragpilia & Nesterov 19" 20'...
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What is the status to drive gradients small?

Different Approach.

1. p-th order tensor methods and its accelerated version: Nesterov 06’ 08" 19', ...

IVFX)|| <e in O (Lplog é/&#) iterations.
2. Accelerated Hybrid Proximal Extragradient: Monteiro & Svaiter 13', ....
IVFR)| <e in O (L,, |og§/g%) iterations.
3. Adaptivity and inexactness: Gragpilia & Nesterov 19" 20’ 23’
IVFG)I <e in O (max{Lo,pr,d}/sf’(‘;’;jﬂ) iterations.

Function residual and gradient norm gap still cannot match — they remain

1 .2 2 1 pHl
log =,e3%+1 7 3 gpil p(p+2) off.
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gradient-norm rates?
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Question

Is there a unified way to translate function-residual rates into fast (matching)
gradient-norm rates?

Answer
Yes, for most algorithm of interest with fast function residual and slow gradient norm.



Orders up! Accumulative Regularization for Gradient minimization

Algorithm AR framework for gradient minimization

Initialize S, strictly increasing {as}f:O with o9 = 0 and initial point xo € R".
1: fors=1,...,S do
2., Compute an approximate solution x, of the proximal subproblem

~ i — s 0i=0i-1 ) +
=~ argmin {£(x) = £0) + iy %58 x -7}
where p + v > 2, by running some subroutine A with the initialization xs_1 for
Ns iterations.

3: output xs
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Inspired by Lan, Ouyang & Zhang 23’ for optimal gradient minimization using first order
method.
Accumulative Regularization (AR) uses two ingredients:

1. Regularization Approach.
Nesterov 12'...

2. Accelerated proximal point method.
Gliler 92', Nesterov 23'...
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Recap: A formal question

Question

Is there a unified way to translate function-residual rates into fast (matching)
gradient-norm rates?

A formal answer
Yes, using AR with algorithm of interest A as subroutine, where A has fast function
residual decrease and slow gradient norm decrease.

Showcase:

Using AR with subroutine A : p-th order accelerated tensor methods Gragpilia &
Nesterov 19" 20"

Goal: to show

IVF(X)]| <e in o (1/5/@'%") iterations.

match function residual



Subroutine A Assumption

Assumption (Sublinear convergence)

After N iterations of the subroutine A(f,{oi}i<s,{xi—1}i<s), there holds
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Subroutine A Assumption

Assumption (Sublinear convergence)

After N iterations of the subroutine A(f,{oi}i<s,{xi—1}i<s), there holds

xX —x. g
fi(xs) — () < Saberle el -y 1 <5< 5 fast part

NPTV

For the S-th epoch, there exists k, Ns < k < 2Ns, such that

8 k C.ALp,Vng *X$—1||p+V71
k=N 2N IVAGe)l < NS ’ slow part

where C4 > 1 is a universal constant.



Convergence for accumulative regularization

Algorithm AR framework for gradient minimization

Initialize S, strictly increasing {os}:_o with oo = 0 and initial point x; € R".
1: fors=1,...,S do
2: | Compute an approximate solution xs of the proximal subproblem

~ 3 — s 0i—0j_1 . -+
xs & angmin { £(x) = () + Sy “57 x =l )
where p + v > 2, by running some subroutine A with the initialization xs_; for
N, iterations.

3: output xs

Thm: Ji-Lan 25' Setting S ~ log. 2™ o 0 S N~ (Sler )i
m: Ji-Lan etting 5 = 08, = ¢ O0s = ppro—1, Vs ~ ( o5 )?
guarantees

ptv—1

1
FEAa e
IVF(X)]| <e in O(C:ZIW) iterations,
e Pty

where D > min |[xo — x"||, and universal constant ¢, > 1.
x*EX*

Consequence: match function residual!
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Algorithm AR framework for gradient minimization

Initialize S, strictly increasing {os}:_o with oo = 0 and initial point xp € R".
1: fors=1,...,Sdo
2: | Compute an approximate solution xs of the proximal subproblem

~ : — gi—0i_ ; +
xs & angmin { £(x) = () + Sy 257 x =l
where p + v > 2 by running some subroutine A with the initialization xs_1 for
N iterations.

3: output xs

. ) . 5"" Lp_VDeru—l - c;_ls N Cpr.u %
Thm: Ji-Lan 25’ Setting S ~ log., ———, 0s & 5P, Ne & (£ 25) P
guarantees
i%, ptrv—1
~ . LPTY D ety X )
IVFX)<e in O <Ccﬁl”1) iterations,

» -
e ptv

where D > min |[xo — x"||, and universal constant ¢, > 1.
XX



Parameter-free subroutine A,

Assumption
For any k > 1, there holds

|p+u

fi(x) — f(x) < Bl P v 1 <s<S, fast part
where Ls « is an local estimate of Hélder constant of f at (s, k) such that
Lok < camax{plp., Lo, 0},

where 0 is a user-defined subproblem inexactness parameter. For each s-th epoch, there
exists V1;(zX), Ns < k < 2N, such that

*|prv=1

2 k Ls ong llXs —1—x,
L V(2| < =2 fvgiu_i , slow part

.....

where Ls on, is the local estimate of Hélder constant at (s, 2Ns) such that

Lsan, < camax{pLy,., Lo, 0}.

Satisfied e.g. by Gragpilia & Nesterov 20’



Parameter-free accumulative regularization

Algorithm Accumulative regularization without the knowledge of L, .

Initialize o9 = 0,01 > 0, and xo, Lo.
1: fors=1,2... do

s S2lNs

20 Ifs>1, setos =cpos-1, cp > 1
3: | Compute an approximate solution xs of the proximal subproblem
I
| O
| xs & argmin { £(x) = F(x) + 0y Tt x = xiaIP )} ptv > 2
: xERN
|
: by running A with initialization (xs—1, Ls—1).
i As will output the k-th iterate as xs and its line search value L, when
: 1
‘ Lsk(ptv)] ptv
|
| Denote N; := k. Continue the same number of surplus iterations to record Lson,.-
L pt+v
4 o> %, then terminate with X = argmin {||Vf(z5)||}.
‘ (Ls,ns) Ns<k<2N.
5. output X

Remark: Without additional line search, just the line search from the subroutines.
Unknown D can be handled by doubling trick (omitted).



Convergence for parameter-free accumulative regularization

Thm: Ji-Lan 25’ Parameter free AR guarantees

e PtV

1 prr—1
IVE(X)|| <e in O (’“ax{PLn‘v,Lo,é’}”*’I dist(x0,X™) PTV ) iterations,

where dist(xp, X*) = miQ [Ixo — x*||, and 0 is the inexactness level
x*eX*

Consequence:

Inexact and parameter free!

Match the function residual Gragpilia & Nesterov 19'.

v—1

1 pt+
max{pLp v ,Lg,0} PT¥ dist(xg,X™) PH+V

Improve over: O ( T ) Gragpilia & Nesterov 20'.

e pro—1D)(pTv i)



Summary

Gradient norm
matching
function residual




